The Casimir force for a planar gauge model is studied considering perfect conducting and perfect magnetically permeable boundaries. By using an effective model describing planar vortex excitations, we determine the effect these can have on the Casimir force between parallel lines. Two different mappings between models are considered for the system under study, where generic boundary conditions can be more easily applied and the Casimir force be derived in a more straightforward way. It is shown that vortex excitations can be an efficient suppressor of vacuum fluctuations. In particular, for the model studied here, a planar Chern-Simons type of model that allows for the presence of vortex matter, the Casimir force is found to be independent of the choice of boundary conditions, at least for the more common types, like Neumann, perfect conducting and magnetically permeable boundary conditions. We give an interpretation for these results and some possible applications for them are also discussed.
II. THE MPCS MODEL AS AN EFFECTIVE DUAL VORTEX DESCRIPTION AND ITS MAPPING ONTO TWO PCS MODELS
It has been shown in Ref. [13] (for earlier derivations, see for example Ref. [14] ) that vortex excitations in a CSH model can be expressed effectively in terms of a dual equivalent theory (for applications of similar duality ideas in planar systems of interest in condensed matter and that makes use of the particle-vortex duality in Chern-Simons type of models, see Ref. [15] and references therein). This effective model for vortices, in turn, can be expressed in the form of a MPCS model, when both the scalar Higgs field and the vortex field are in their symmetry broken vacuum states, ρ 0 = 0 and ψ 0 = 0, respectively. The Lagrangian density of the MPCS model can be expressed as [9] :
where m ≡ 4πρ 0 ψ 0 ,
and Θ is the Chern-Simons parameter of the original CSH model, from which Eq. (2.1) is derived. In addition to the connection of the above model with a dual vortex equivalent one, the MPCS model given by Eq. (2.1) can be mapped in a sum of a self dual and an anti-self dual PCS models [10] or, also, in terms of a sum of two MCS models [10, 11] . As we will discuss later on, these associations will simplify considerably the calculation of the Casimir force. For completeness, let us briefly review below these two considerations concerning the model given by Eq. (2.1).
A. The effective dual vortex description for the MPCS model
Chern-Simons gauge field theories can exhibit many features of relevance in different contexts. One of these features, which is of particular importance in our study, is the possibility of having topological vortex solutions when these models are coupled to symmetry broken scalar potentials [16] . For instance, we can consider the CSH model described by the Euclidean action
4)
where H µν = ∂ µ h ν − ∂ ν h µ , D µ ≡ ∂ µ + ieh µ and η is a complex scalar field, with a non-null vacuum expectation value (VEV) obtained from a symmetry breaking polynomial potential V (|η|). For instance, for a potential given by V (|η|) = e 4 |η| 2 − ν 2 2 |η| 2 /Θ 2 , the field equations for the model (2.4) has nontrivial vortex solutions given by [17] η vortex = ξ(r) exp(inχ) , h µ,vortex = n e h(r) ∂ µ χ , (2.5) where n is an integer that represents the vortex charge, while ξ(r) and h(r) are the (vortex profile) functions obtained from the solutions of the classical field differential equations, subjected to the BC lim r→0 ξ(r) = 0, lim r→∞ ξ(r) = ν, lim r→0 h(r) = 0 and lim r→∞ h(r) = 1. The presence of vortex excitations means that the phase of the scalar field, φ = ρ exp(iχ)/ √ 2, is a multivalued function. The phase χ can then in general be expressed in terms of a regular (single valued) and a singular part as χ(x) = χ reg (x) + χ sing (x). The vortex excitations can be made explicit in the action by functionally integrating over the regular phase, while leaving explicitly the dependence of the singular phase in the action. This procedure can be done by the so-called dual transformations (see, e.g., Refs. [13, 18] for a detailed account for this procedure). The final result can be expressed in terms of a dual action, written in terms of a complex scalar field ψ (representing quantized vortex excitations) and a new gauge field A µ , which is related to the original fields by the relation ρ 2 (∂ µ χ + eh µ ) = (σ/(2πe))ǫ µνγ ∂ µ A γ , where σ is an arbitrary parameter with mass dimension. The final dual action can be expressed in the form [13] S dual = d 3 x σ 2 16π 2 e 2 ρ 2 0 F 2 µν + i
where F µν ≡ ∂ µ A ν − ∂ ν A µ , V (|ψ|) is the effective potential term for the vortex field, with a VEV ψ 0 , and L G is a gauge fixing term. When the system is taken deep inside its vortex condensed phase, we can take the London type approximation for the vortex field [19] , where |ψ| → ψ 0 / √ 2. In this case, we can neglect the derivative of ψ that appears in Eq. (2.6). We can also choose σ ≡ 2πeρ 0 , so that Eq. (2.6) can then be finally rewritten in the form of the MPCS model with the (Minkowski) Lagrangian density given by Eq. (2.1).
B. Mapping the MPCS model onto two PCS models
To compute the Casimir force for the MPCS model, we could in principle start directly from Eq. (2.1) and use standard methods based on the vacuum expectation values for the space-space and time-time components of the energy-momentum tensor (like, e.g., those discussed in Ref. [20] ). This procedure leads, however, to a hard to solve system of partial differential equations (PDE). It turns out that it is much simpler to express the original model, Eq. (2.1), in terms of an equivalent one that can be easily treated mathematically. In particular, we want to have a well defined mapping between the fields in each model, such that we can unequivocally establish their behaviors at the physical boundaries of the system. Such mapping must imply in a direct correspondence between the BC considered for the MPCS and its equivalent model, resulting in a one-to-one mapping between the Casimir forces for the models involved. One of such possibility is to follow the proposal of Refs. [10, 11] , where the MPCS of Eq. (2.1) is mapped into a doublet consisting of a self-dual and an anti self-dual PCS models in 2+1 dimensions. One of the advantages of this procedure is that a direct relation between the original and final fields can be made very clear, which facilitates the connection between the BC. Besides, it also allows the use of different BC and, eventually, it can also be generalized to different geometries, as opposite to the case treated originally in Ref. [9] .
Following in particular Ref. [10] , we consider a doublet consisting of an anti self-dual and a self-dual PCS models, represented, respectively, by the Lagrangian densities,
and
where f µ and g µ are two independent vector fields. By making use of a soldering field W µ with no dynamics, it is a simple exercise to obtain, from the combination of L + and L − , a final Lagrangian density that does not depend on W µ . For example, we can define an intermediate Lagrangian density given by
where J µ ± are defined by
In the generating functional associated with (2.9), W µ plays the role of an auxiliary field, which can be eliminated by a direct integration (another way of seeing the auxiliary role of W µ is by the use of its equation of motion). The resulting final Lagrangian density can then be written as
where A µ is a new vector field, related to f µ and g µ by 
The result of the detailed study of the relation between L and L + + L − shows a complete equivalence between them [10] , i.e., L = L + + L − . Hence, it is straightforward to perceive that the Casimir force related to the original MPCS model can be written as the sum of the Casimir forces associated with L + and L − . Also, the simple relation between f µ , g µ and A µ , given by Eq. (2.13), implies in a direct determination of the BC considered for f µ and g µ , in terms of those considered for A µ . We can also conclude from Eq. (2.13) that, in principle, there is no restriction for the BC to be considered for A µ (which will be associated with the BC for f µ and g µ ), as long as they are mathematically and physically acceptable. We also note that determining the Casimir force related to a PCS model is rather simpler than determining the force for the MPCS model directly, as we will discuss in the next section.
C. The MPCS model written in term of two MCS models
Alternatively, we can also use the equivalence between the MPCS model and a doublet of MCS models, given in Ref. [10] . These two MCS models will be written in terms of two gauge fields P µ and Q µ , respectively, which can be conveniently rescaled, when compared with their analogues considered in Ref. [10] . We can write the Lagrangian densities for the two MCS models asL
andL 
The relation between the doublet of MCS models, Eqs. (2.17) and (2.18) , with the MPCS model (2.1) is stablished in a similar fashion as in the case of the previous subsection. By using this time a tensor field B µν connecting the two Lagrangian densities (2.17) and (2.18), we have that
Again, considering the relation between the fields given in Eq. (2.19), we can eliminate the auxiliary feld B µν , reproducing once again the original MPCS model. It is important to realize that in both mappings described above, the number of degrees of freedom is preserved. It is noteworthy to realize that in a MCS model the mass term for the gauge field is of topological origin. Each MCS model has only one (transverse) polarization degree of freedom. However, in the MPCS model, the explicit mass term for the gauge field implies that there are now two polarization degrees of freedom for the gauge field. The number of degrees of freedom is preserved in the two mappings used. The duality between these different types of gauge models has also been discussed extensively in the literature before. For example, in Ref. [21] this issue is discussed in terms of an interpolating master action and how it explains the doubling of fields, yet preserving the number of degrees of freedom.
Finally, it is important to also note that while the association of the vortex excitations in the CSH model with the MPCS model given in Eq. (2.1) is only valid within the approximations considered in the previous subsection (e.g., for a special Higgs potential, no vortex interactions, and the use of a London-type limit for the Higgs and vortex fields), the relation between the MPCS and PCS models is exact. The same can be said with respect to the MCS models.
III. THE CASIMIR FORCE FOR THE MPCS MODEL EXPRESSED IN TERMS OF A DOUBLET OF PCS MODELS
In this section, we will use an analogous procedure as used, e.g., in Ref. [20] to calculate the Casimir forces associated with L + and L − , given by Eqs. (2.8) and (2.7), respectively.
In the following, we have adopted the notation X ≡ x µ = (t, x, y) and considered the metric tensor η µν = diag(1, −1, −1). The physical boundaries are placed in x = 0 and x = a.
The Casimir force (per unit length) for the MPCS model is determined from the 11-component of the energymomentum tensor,
which can also be written, according to the results shown in the previous section, as
where T 11 − is the energy-momentum tensor component obtained from L − , given by Eq. (2.7), while T 11 + is the one obtained from L + , given by Eq. (2.8). As it is well known, the CS term does not contribute to the symmetric energymomentum tensor, since it is given in terms of the derivative of the action with respect to the metric tensor and the CS term does not depend on this metric [20, 22] . Thus, we obtain:
2) can be written in terms of the Green's functions for the gauge fields f µ and g µ , G µν 
5)
and similarly for T 11 + (X) . The Green's functions for f µ and g µ can be derived from the Euler-Lagrange equations for the fields as usual:
where J (−)µ and J (+)µ are the source terms. The formal solutions to Eqs. (3.6) and (3.7) are
Note that, unlike the calculations followed in Refs. [20, 23] (where the Green's functions for the field's duals were used), we work directly in terms of the Green's functions for the fields themselves (f µ and g µ ). This would also be the case if we had decided to work with the MPCS model directly. This fact can be seen as a consequence of the fact that the Proca term, m 2 A µ A µ /2, cannot be written in terms of the dual of A µ . But if we had decided to work with the MPCS model directly (without "transforming" it to a doublet of PCS models beforehand as we are proceeding here), the resulting system of second-order differential equations would be more difficult to solve, when compared to the one that we have in the present case [20, 23] . The transformations taken here simplify the calculations significantly, since the system of equations with which we have to deal with is relatively easier to solve, given by Eqs. (3.10) and (3.11) .
Using the Fourier transforms in time and in the transverse coordinate y for G µν ± (X, X ′ ),
we can write: 13) and the Casimir force (per unit length) can be expressed as
The components G 00 ± , G 11 ± and G 22 ± are obtained from the solutions of the following systems of PDE (where x stands for x 1 ):
(3.20)
The above equations are explicitly solved in the following for the two specific BC that we consider: for a perfect conductor (PC) and for a magnetically permeable (MP) boundaries, respectively.
A. The Casimir force for PC boundaries
We now describe the mapping between the original BC that can be imposed on the original vector field A µ of the MPCS model with the ones imposed on the fields f µ and g µ . The Casimir effect follows from Eq. (3.2). We will first consider PC at the boundaries, which can be represented mathematically by
is the dual of A µ . This is a BC that could not be treated for instance in Ref. [9] , due to the specific form of the mathematical transformations used in that work, based on scalar degrees of freedom. In our case, the BC F 1 = 0 will imply (due to Eq. (2.13)) in ǫ 1νγ ∂ ν f γ = ǫ 1νγ ∂ ν g γ , which can be written in terms of the dual fieldsf µ andg µ , associated with f µ and g µ , respectively,
In terms of these fields, the BC F 1 = 0 implies inf 1 =g 1 . But since the PCS models are self-dual and anti self-dual,f µ andg µ are proportional to f µ and g µ , respectively (this proportionality can be obtained if we use the Euler-Lagrange equations for f µ and g µ ). Thus, we can write that the BCf 1 =g 1 implies in f 1 = −g 1 at the boundaries. Using then Eqs. (3.8) and (3.9) we obtain
Since the sources J (−)α (X ′ ) and J (+)α (X ′ ) are arbitrary, Eq. (3.24) implies that
Note that when taking the BC, we are interested only in the limit X → X ′ of G αβ ± (X, X ′ ), such that we can take for instance exp[−iω(t − t ′ )] = exp[ik(y − y ′ )] = 1, e.g., in Eq. (3.12). Then, Eq. (3.25), when expressed in terms of its Fourier transform, like in Eq. (3.12), gives that we can write the BC equivalently as
Hence, we note that in the present case, due to the BC, only G 00 ± and G 22 ± will contribute to the Casimir force f , Eq. (3.14) . To find the required functions, we use the standard method of continuity and also consider a notation similar to the one used in Ref. [20] for convenience. Thus, we define:
To determine G 22 ± , it is useful to write it in terms of G 1α ± , over which the BC is imposed directly. Using Eqs. (3.17) and (3.20) , we obtain:
We can drop the spatial Dirac delta-function in Eq. (3.32), since it gives no contribution to G 22 ± (we are considering x = x ′ ). Note that dropping the spatial Dirac delta-function corresponds physically to a renormalization, where an infinite contribution proportional to δ(0), when evaluating the Green's function at the same point, is removed from the Casimir force. While this procedure is perfectly fine for the present type of (rigid) BC and the Casimir force is independent of this renormalization process, the reader should be aware that this simple renormalization procedure may not work for other type of BC. For instance, it is known that for other types of geometries (like circular BC, or including the case of smooth backgrounds), when computing the Casimir energy a special care must be taken with this renormalization procedure, as shown in details in Refs. [24, 25] . Physically, the restriction to the use of this BC approach to Casimir problems is related to the physical role of the BC: A real material at the boundaries cannot constrain all modes of a field, as may be assumed in the BC approach. In reality, the material that produces the BC should be modeled by suitable interactions, and the divergences must be removed by counterterms for these interactions; the renormalization group then ensures that the predictive power of the theory is not lost through the subtraction 1 .
Next, we have to find a PDE for G 12 ± subjected to the BC G 12 ± = 0 and to use this result in Eq. (3.32). With this aim, we use again Eqs. (3.17) and (3.20) , obtaining
We use the discontinuity method to solve Eq. (3.33), obtaining 
.
Next, we follow an analogous procedure to find G 00 ± . First, we use Eqs. (3.16) and (3.19) to write these functions in terms of G 10 ± : 
From Eq. (3.37), we find 
(3.39)
Inserting the expressions for G 00 ± and G 22 ± , together with G 11 ± = 0, in Eq. (3.14), we can write the Casimir force for the PC BC case as
The integrals appearing in Eq. (3.40) can be evaluated in an analogous fashion as in Ref. [20] . First, we make a complex rotation ω → iζ, where ζ is real (this is possible since there are no poles in the first and in the third quadrants). The effect of this rotation is to turn κ ± ≡ (ω 2 − k 2 − m 2 ± ) 1/2 into a purely complex variable. Then we can redefine it as κ ± = iλ ± , where λ ± = ζ 2 + k 2 + m 2 ± is a real variable. Then, using the relation 
, (3.45) where to obtain the last expression on the right-hand side in Eq. (3.45), we have made a change of integration variables, using λ 2 = r 2 + m 2 ± . From this equation, we can write the Casimir force for the case of PC boundaries as (when making the change of variables: z = 2 λ a):
The Casimir force for perfect MP boundaries
Following an analogous derivation as outlined in the previous subsection, we now derive the Casimir force for the case of perfect MP lines. The same mapping relating the MPCS with a doublet made of a self dual and an anti-self dual PCS models is, of course, still applicable, as also the system of PDE, Eqs. (3.47) Using Eqs. (3.14)-(3.47), we can see that G 00 ± do not contribute to the Casimir force at the boundaries. Hence, we only need to obtain G 11 ± and G 22 ± . Using an analogous procedure as the one used in the previous subsection, and noting that the BC is imposed on G 0α ± , we first find a relation between G 22 ± and G 02 ± . Analogously, we need to find a relation between G 11 ± and G 01 ± . For example, for G 22 + , we can write (and again dropping a space Dirac delta-function for the same reason explained in the previous subsection):
49)
which has the solution
Hence,
(3.51)
The procedure to find G 11 ± is completely analogous, leading to the result
(3.52)
Using the above expressions for G 11 ± and G 22 ± , together with G 00 ± = 0, in Eq. (3.14), it can be easily verified that this results again in the same Casimir force as derived in the previous subsection, Eq. (3.40), leading also to Eq. (3.46), i.e., f MP = f P C . In the next two sections we try to understand this rather surprising result.
IV. CASIMIR FORCE FROM THE MAPPING BETWEEN THE MPCS MODEL AND A DOUBLET OF MCS MODELS
In the previous section we have obtained that the Casimir force for the MPCS model is independent of the two type of BC considered, i.e., for PC and MP lines at the boundaries. In this section we verify whether this result is not a consequence of the particular mapping that we have used, involving the relation of the MPCS model with a self dual and an anti-self dual PCS models, described in section II B. For this, we use the second relationship discussed in section II C, relating the MPCS model with a doublet of MCS models, expressed by Eqs. (2.17) and (2.18).
A. Casimir force for perfect MP boundaries
We here specialize to the case of the perfect MP BC F 0 = 0. This analysis is made easier by the fact that the Casimir force for a MCS model under the BC F 0 = 0 was already studied in Ref. [23] . The results found in that reference can be easily extended to the Lagrangian densities given by Eqs. whereP µ = ǫ µαβ ∂ α P β . Analogously, we defineQ µ = ǫ µαβ ∂ α Q β . The VEV P µP ν can be obtained from P µ (X)P ν (X ′ ) as
and P µ (X)P ν (X ′ ) can be related to the Green's function G µρ (P ) forP µ , as we show below. We know that G µρ (P ) can be obtained from the Euler-Lagrange equation associated withL − (P ), written in terms of P µ , plus a source term:
Considering the equation of motion
with formal solutionP
we obtain the differential equation satisfied by G µρ (P ) (X, X ′ ):
We then solve Eq. (4.7) to find the functions G βρ (P ) (X, X ′ ) that will be necessary to compute T µν
in Eq. (4.2).
First, we need a relation between G βρ (P ) (X, X ′ ) and P β (X)P ρ (X ′ ) . For this purpose, we consider the propagator for P µ ,
where P β (X)P ρ (X ′ ) is the Green's function for P µ , which can be obtained directly from the equation of motion generated by Eq. (2.17) , when including a source term J µ P µ , as above. Hence, we can write [20] :
From Eq. (4.9), we obtain 12) and G µρ (P ) (X, X ′ ) satisfies
Considering the Fourier transform of G µρ (P ) (with respect to t and y), where
The required functions G µν (P ) can be obtained from Eqs. (4.13) and (4.14) , analogously to what we have done in the previous sections. We can write We note that the above equations are the same ones as those treated in Ref. [23] and, also, the forms of T 11 (P ) and t 11 (P ) are analogous to the ones derived in that reference. In the present case, where we are considering the BC F 0 = 0, using Eq. (2.19), we obtain that √ m −P0 (X) = √ m +Q0 (X) at the boundaries. Hence, using an analogous procedure as used to obtain Eq. Hence, we conclude from Eqs. (4.15), (4.16) and (4.20) that we only need to find ∂ ∂x ′ G 20 (P ) , ∂ ∂x ′ G 02 (P ) , G 10 (P ) , G 12 (P ) and G 21 (P ) to compute T 11 (P ) at x = 0 and x = a. As already commented in the Introduction, we note that the number of functions that we need to find, in the case of the mapping treated in this section, is greater than the number of required functions in the case considered in the previous section (where we considered the mapping between the MPCS model and the two PCS models).
The solutions to Eq. (4.13), considering the BC given in Eq. (4.20), are given by [23] : is completely analogous and the result found is
Thus, from Eqs. (4.1) and (4.25), we obtain again Eq. (3.40). This confirms our previous result and at the same time it shows that the result obtained for the Casimir force is independent of the mapping used for the case of a MP BC.
B. Casimir force for PC boundaries
We can also use the mapping between the MPCS model andL − (P ) +L + (Q) to also confirm our result for the Casimir force in the case of a PC BC, F 1 = 0. The MCS model under this BC was considered in Ref. [20] and the results found there can be easily extended to the case treated here, in the same way as we did in previous subsection.
In this case Eqs. (4.15) and (4.16) still remain valid and also the PDE satisfied by G µν (P ) and G µν (Q) . We then have that
As in the previous cases, we can conclude that the BC F 1 = 0 implies in To obtain the Casimir force f at the boundaries, we need ∂ ∂x ′ G 02 (P ) , ∂ ∂x ′ G 20 (P ) , G 01 (P ) , G 21 (P ) and the corresponding G µν (Q) . The required functions are now found to be given by The procedure to find T 11
is again completely analogous and we do not need to repeat it again here. The final result that we find is once again the same one given in Eq. (4.26). Thus, we are again lead to the very same previous result for the Casimir force, given by Eq. (3.46).
V. INTERPRETING THE INDEPENDENCE OF THE RESULTS FOR DIFFERENT BOUNDARY CONDITIONS
Casimir forces are, in general, sensible to the BC changes. However, in the previous calculations, we have shown that, for the MPCS model, it does not depend whether we have MP or PC BC. In this section, we are willing to find an argument that sustains this coincidence, as well as to find out some others equivalent BC. The fact that the Casimir force obtained with both the PC and MP boundaries are the same can be understood as a consequence of the fact that the components f µ (or g µ ) are not independent from each other (since there are three components A µ and just two degrees of freedom). To see this interdependence more clearly, we can use the relations obtained for the canonical momenta in the model,
where L is given in Eq. (2.1). The MPCS model has two constraints:
where the "≈" symbol is used to emphasize that both constraints are secondary and π i = F 0i + (µ/4)ǫ ji A j . The second constraint, Eq. (5.3), shows us that A 0 is not an independent variable (the same can be said about f 0 and also for g 0 ). Indeed, using Eqs. (5.2) and (5.3), we can write the generating functional Z only in terms of {A i , π i } (and analogously for f µ and g µ ).
Another important conclusion about the Casimir force, concerning the interdependence of f µ and g µ , in the case of the BC F 0 = 0, can be obtained as follows. Using the equations of motion for g µ and f µ , given by Eqs. (3.6) and (3.7), respectively, we can obtain [10] :
Thus, we find the following relations satisfied by the vector field f µ :
where f αβ = ∂ α f β − ∂ β f α . Similar relations also follow for the vector field g µ when considering Eq. (5.5).
Considering the BC f 0 = 0, we obtain, from Eq. (5.6) that ∂ 1 f 2 = ∂ 2 f 1 or, using Eqs. (5.7) and (5.8) , that
We will make use of a transverse Fourier transform for f 0 , similar to the one used in Eq. (3.12),
Since we are considering f 0 = 0 at the boundaries, we can write: Since Eq. (5.13) must be valid for all y and t, we conclude that F 0 (k, ω, x) = 0 at x = 0 and x = a. Thus, we can write The condition above has a simple geometric interpretation: f 0 (x) = 0 for all points (0, y) and (a, y). Therefore, at x = 0 and at x = a the variation of f 0 (x, y, t) with respect to y (∂f /∂y) is null. In a similar way we can conclude that (the following expressions are to be assumed to be implicitly valid always at the boundaries, unless specified otherwise)
From Eqs. (2.13), (5.14) and (5.15) , we can conclude that the imposition of the BC F 0 = 0 is equivalent to the BC ∂ 2 A 0 = 0. Analogously, we can obtain that ∂ 0 A 0 = 0. Also, from Eqs. (5.11) and (5.17), we can write: 
(5.20)
Using now Eqs. (5.6) and (5.9), we can write m 2 + f 1 = ∂ 0 f 10 − m + ∂ 2 f 0 . But since ∂ 2 f 0 = 0, we obtain that
Using Eq. (5.20), we conclude, from Eq. (5.21), that
We can now also use a transverse Fourier transform for f 1 ′ = ∂ 1 f 1 , to write
Using Eqs. (5.22 ) and (5.23), we conclude that
Since Eq. (5.24) must be valid for all ω, we conclude that F 1 ′ = 0. Thus, from Eq. (5.23), we obtain that f 1 ′ = ∂ 1 f 1 = 0. We can also draw analogous conclusions as applied for the field g µ . Thus, we can conclude that the imposition of the BC F 0 = 0 (which is here seen in terms of the equivalent strong BC imposed on the fields g and f , i.e.,f 0 =g 0 = 0 and f 0 = g 0 = 0) is equivalent to the BC ∂ 1 F 1 = 0. Therefore, the same Casimir force should be obtained in the cases of these two BC.
We can collect all the results found up to now, to study the behavior of F 1 . First, using the BC ∂ 2 A 0 = 0 in the definition (3.21), we obtain
(5.25) Also, from Eq. (3.21), we deduce that ∂ µ F µ = 0. But since ∂ 1 F 1 = 0 (at the boundaries), we obtain
We are considering the BC F 0 = 0. Then, analogously to what we have done in Eqs. (5.13) and (5.14) , we can conclude that (recalling that the relations below are meant to be valid at the boundaries) ∂ 0 F 0 = 0. Then, from Eq. (5.26), we can write that ∂ 2 F 2 = 0. Using again the reasoning that lead us from Eq. (5.13) to Eq. (5.14), we obtain that F 2 = ǫ 2νγ ∂ ν A γ = 0. Using the relation (2.13), we conclude that ǫ 2νγ ∂ ν g γ = 0 (analogously to f γ ). We can use then the self-duality of g γ (represented by Eq. (3.6), with J (−)µ = 0) to obtain g 2 = 0 (analogously to f 2 ).
Hence we conclude that A 2 = 0 is also a BC for our model. Analogously to what we have done above (Eqs. (5.13) and (5.14)), we conclude then that ∂ 0 A 2 = 0 and, hence, using Eq. (5.25), we obtain an equivalent BC: F 1 = 0.
Summarizing, we can conclude that the BC F 1 = 0, F 2 = 0, ∂ 1 F 1 = 0 and ∂ 2 F 2 = 0 are all equivalent to the BC F 0 = 0. Therefore, the same Casimir force is expected to be obtained for all these cases. Here, we have made explicit calculations for the BC F 0 = 0 and F 1 = 0, confirming that the results obtained are the same in both cases. We note that the particular case for the Neumann BC ∂ 1 F 1 = 0 was studied in Ref. [9] , where it was shown to also lead to the same result for the Casimir force, Eq. (3.46) 2 .
VI. SUPPRESSION OF THE CASIMIR FORCE IN THE PRESENCE OF VORTEX PARTICLE-LIKE EXCITATIONS
As shown in the previous sections, the Casimir force for the cases of PC (F 1 = 0), MP (F 0 = 0) and also Neumann (∂ 1 F 1 = 0) BC all lead to the same result,
Note that Eq. (6.1) is of the form of a second Debye function [26] ,
indicating that the Casimir force for both cases decays exponentially with am ± . Specific limits for am ± , like for small or large values, can be easily derived using directly the expression (3.46) or from (6.2). These results can also be readily expressed in terms of the Proca and Chern-Simons masses, m and µ, respectively, using Eq. (2.16), or also from Eqs. (2.2) and (2.3), relating these masses to the original parameters of the effective particle-vortex dual Lagrangian density model.
By expressing m ± in terms of the the original parameters of the particle-vortex dual Lagrangian density model, i.e., in terms of the vacuum expectation values for the Higgs field, ρ 0 , for the vortex field, ψ 0 , and the CS parameter Θ, we have that
As it was shown in Ref. [13] , vortices are energetically favored to condense for values of the CS parameter below a critical value Θ c ≈ (e 2 /π) ln 6 ≃ 0.57e 2 . For Θ < Θ c the vortex condensate can be written as ψ 2 0 ≈ (e 2 ρ 2 0 /Θ) 6 − exp(πΘ/e 2 ). The condensed vortex phase can be interpreted as being equivalent to the Shubnikov phase for type-II superconductors in the presence of a magnetic field [27] , with a Ginzburg-Landau parameter κ ≡ eρ 0 /Θ > 1/ √ 2. In the analysis that follows, we will remain within parameter values satisfying these conditions. In Fig. 1 we show the result for the Casimir force Eq. (6.1), as a function of the vortex condensate ψ 0 , normalized by the Casimir force in the absence of a vortex condensate, f (ψ 0 = 0). The result shows that the Casimir force can become strongly suppressed in the presence of vortex matter as compared to the absence of it. This suppression of the Casimir force can be interpreted as a result of the repelling force between vortices, analogously to what happens in the phenomenology of type-II superconductors, when in the Shubnikov phase [27] , which opposes the attractive Casimir force.
VII. CONCLUSIONS
In this work, we have analyzed the Casimir force for the MPCS model. As explained in Sec. II, this model can be interpreted as an effective (dual) model describing vortex excitations for a CSH model. We have obtained the Casimir force for the cases of perfect conductor and perfect magnetically permeable BC. This has been possible by mapping the MPCS model into a doublet consisting of a self-dual and an anti self-dual PCS models. The result obtained for the Casimir force was found to be the same for both cases of BC used, which also agrees with the case of considering the Neumann BC, which was derived previously in Ref. [9] . The reason for these results to be the same has been explained to be a consequence of the symmetry and constraints satisfied by these models involving a CS term. These results have also been confirmed by using the mapping of the MPCS model in a doublet of MCS models. The derivation using these two independent mappings also helps to show that the result obtained for the Casimir force (for the type of BC considered here) is not some particular consequence of the mapping used. Thus, our results also highlight a symmetry found when we consider various types of BC in the computation of the Casimir effect.
Even though it can be argued that the model we have studied here, which can be associated with the vacuum state of a system of vortex excitations in a plane, is mostly of theoretical interest and might be far from describing real physical systems of interest, our results are, however, indicative of a behavior that can manifest in these systems. As such, our results might be of relevance for the next generation of experiments involving the Casimir effect [28] , or those involving, for example, vortex-based superconducting detectors [29, 30] . Usually, such systems involve nanometer scales, in which the Casimir force turns out to be relevant, and possibly also altering the microscopic parameters of the detectors [31] . Our results can also be of relevance when devising materials based on superconducting films to work as possible suppressors of the Casimir force, such as in those laboratory experiments that require performing extremely careful force measurements near surfaces. This might be the case of the searches for possible deviations of the Newtonian gravity.
The study performed here for the MPCS model also has its own merits, independent of its connection to a vortex model. The MPCS model constitutes of massive gauge particles, with mass terms that have both topological and non-topological origins. Also, the Maxwell-Proca and the MCS models can be seen as particular cases of the MPCS model. So, we expect that a better comprehension of the roles of the mass terms, be them either of topological or non-topological origin, in the derivation of the Casimir force might eventually provide arguments in favor of one or the other, when using these models with the objective of understanding some of the properties of real planar systems with massive excitations. This also includes, of course, deriving the Casimir force under different BC, as we have studied in this work.
